AN

Casa ahierta al tempo
UNIVERSIDAD AUTONOMA METROPOLITANA

DR. JUAN MORALES CORONA
Jefe del Departamento de Fisica

CdMx a 3 de octubre de 2025.

DR. ROMAN LINARES ROMERO
Presidente del Consejo Divisional de
Ciencias Basicas en Ingenieria
PRESENTE.

Después de haber revisado el informe de actividades realizadas por el Dr. Norbeto
Aquino Aquino, durante su periodo sabatico, me permito informarle a usted que, a mi
juicio, los objetivos se cumplieron de forma satisfactoria.

De esta manera pongo a su consideracion que se incluya en la orden del dia de la
préxima sesion del Consejo Divisional que usted preside la presentacién del informe.

Sin mas por el momento, quedo a sus oOrdenes para cualquier duda o aclaracién al
respecto.

ATE ENTE
“‘CA IERTA AL TIEMPO”
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Av. San Rafael Atlixco No. 186, Col. Vicentina, C.P.09340, lztapalapa, Ciudad de México.
Tel. 58044610, fax 58044611. Pagina electrénica: http:/abaco.izt.uam.mx




UNIVERSIDAD AUTONOMA METROPOLITANA

CONSEJO DIVISIONAL DE CIENCIAS BASICAS E INGENIERIA

y Casa ablerta al tiempe
INFORME DE PERIODO SABATICO

DATOS GENERALES

Norberto Aquino Aquino 12036

Nombre del profesor: N2 empleado:

Departamento: Fisica Area: Mecanica

Teléfono particula_ Extensién UAM-I: - E-manmxanum-uam-mx

DATOS DEL PERIODO SABATICO SOLICITADO

N¢ meses solicitados: 18 Fecha de inicio: 6/11/2023 Fecha de terminacién: 5/05/2025

Institucién donde se realizard:__| UAM—IZtapalapa
Departamento de Fisica, T-338

bomicilio de la institucisn: V- Ferrocarril de San Rafael Atlixco 186, |ztapalapa

Teléfono: _ Fax: E-mail wxanum-uam.mx

Depto., Laboratorio, etc.:

VOS DEL PERIODO SABATICO
%%’gﬂzar trabajo d% invegﬁgacicm en Sistemas Cuanticos Confinados y en Medidas
Enftrépicas de Informacion Cuanfica, en colaboracion con colegas nacionales y extranjeros

Finalizar la elaboracién de mis notas para los cursos de Mecanica Cudntica | y II.
Finalizar la direccién de una tesis de Maestria y continuar con la direccién del trabajo doctoral de un estudiante.

METAS ALCANZADAS EN EL PERIODO SABATICO

Memorias in extenso Articulos de investigacion en
n libro de resimenes* revista indexada*

/ Presentaciones en congresos

% Avance de estudios de
posgrado

Direccion de tesis de Maestria y Doctorado

ibros o capitulos de libros Grado

V Otros (especifique):

+ Indicar en anexo si se trata de trabajo publicado, aceptado o sometido




TIPO DE ACTIVIDADES ACADEMICAS DESARROLLADAS
(Indique aquellas relacionadas con las actividades desarrolladas)

v Ilnvestigac!én ¢ |Docencia Difusidn

. Formacién académica ormacién profesional Entrenamiento técnico
Otros (especifique): FoMacion de recursos humanos

RESUMEN DEL PLAN DE ACTIVIDADES ACADEMICAS DESARROLLADAS

(El llenado de esta seccién no sustituye el informe detallado de actividades)

Obtencién del espectro de energias y propiedades electrénicas de algunos sistemas cuanticos confinados de uno y dos electrones;

atomo hidrogenoide confinado en una esfera impenetrable con el niicleo fuera del centro de la esfera, un electrén moviéndose sobre la
superficie de un cono bajo la accién de la atraccién de una carga positiva colocada en el dpice del cono y en presencia de campo magnético extemo,
Propiedades entropicas de los sistemas antes mencionados.

El estudio de las propiedades de inversion de la molécula de PH3

PARA USO DEL JEFE DE DEPARTAMENTO

Después de haber evaluado el informe detallado de actividades del periodo sabdtico del interesado segun los lineamientos
establecidos para tal efecto; informo al Consejo Divisional que:

Los objetivos SE cumplieron satisfactoriamente
Los objetivos SE cumplieron parcialmente

Los objetivos NO se cumplieron

NO se cumplié el propdsito del sabdtico

| 04- ﬂgas«lo’ 2025

Al sefe de Departamento Fecha

PARA USO DEL CONSEJO DIVISIONAL

El Consejo Divisional, en su Sesion No. del sobre el Periodo sabdtico del
interesado acordé que:

(D Los objetivos SE cumplieron satisfactoriamente
(D) Los objetivos SE cumplieron parcialmente

( Los objetivos NO se cumplieron
NO se cumplié el propésito del sabatico

Secretario del Consejo Divisional

*Ademas de este formato-resumen, el interesado deberéd entregar su Informe detallado de actividades junto con la documentacién
probatoria correspondiente.
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UANTUM
RESEARCH ARTICLE QuakTum WILEY

The confined helium atom: An information-theoretic approach

C.R.Estaiion’ | H.E. MontgomeryJr.? | J.C.Angulo®* | N.Aquino™ ¢

Departamento de Fisica, Universidad

Auténoma Metropolitana-Iztapalapa, Ciudad Abstract

o Me’_"“" Meicn . In this article, we study the helium atom confined in a spherical impenetrable cavity
mu'::mm' San GO, DA by using informational measures. We use the Ritz variational method to obtain the
3Departamento de Fisica At6mica, energies and wave functions of the confined helium atom as a function of the cavity
gm‘f';a”;"'s‘;::n”d"a' Universidad de Granada, radius ro. As trial wave functions we use one uncorrelated function and five explicitly
Hnstituto Carlos | de Fisica Tedrica y correlated basis sets in Hylleraas coordinates with different degrees of electronic cor-
Computacional, Universidad de Granada, relation. We computed the Shannon entropy, Fisher information, Kullback-Leibler
G, it entropy, Tsallis entropy, disequilibrium and Fisher-Shannon complexity, as a function
Correspondence of ro. We found that these entropic measures are sensitive to electronic correlation
Um dDeparta! e mﬁ:;ﬁ:m_ and can be used to measure it. As expected these entropic measures are less sensi-
Iztapalapa, Av. San Rafael Atlixco 186, Col. tive to electron correlation in the strong confinement regime (ro <1 a.u.).

Vicentina, CP 09340 CDMX, Mexico.

Email; naa@xanum.uam.mx KEYWORDS

Funding information confined helium atom, disequilibrium, Fisher information, Fisher-Shannon complexity,
Universidad de Granada; Junta de Andalucia Kullback-Leibler entropy, Shannon entropy, Tsallis entropy

1 | INTRODUCTION

Spatially confined quantum systems have become the subject of increasing attention because when a very high pressure is exerted on a physical
system, its energy levels increase rapidly. However, not all of them grow with the same rate, and this results in the filling of the energy levels that
may differ significantly from those of the compression-free system. As a consequence its physical properties can change drastically with high pres-
sure. Notable changes are found in electronic structure, emission and absorption frequencies, half-lives of excited states, selection rules, polariz-
ability, electronic affinity, chemical and ionization potential and so forth. Confined quantum systems can be used to model a wide variety of
problems in physics and chemistry such as: atoms trapped in cavities, in zeolite channels, in fullerenes, the electronic structure of atoms and mole-
cules subjected to high external pressures, the behavior of the specific heat of a monocrystal solid under high pressure, in the study of the
proton-deuteron transformation as a source of energy in dense stars, in the theory of white dwarf stars, phase transitions caused by compression
as in the collapse of the chemical bonding of H, [1-9] and so forth. This growing interest is also due to the fabrication of quantum systems of
nanometric sizes with potential technological applications such as in quantum wires, dots and wells [10, 11].

In 1937 Michels et al. [12] studied the variation of the polarizability of the hydrogen atom subjected to high external pressures. They pro-
posed a model in which a hydrogen atom is confined inside an impenetrable spherical cavity with the nucleus clamped in the center of a sphere of
radius ro. This model is known as the confined hydrogen atom (CHA) [7, 13-16], and has been used to study how some physical properties behave
in terms of pressure, such as: the hyperfine separation, given by the Fermi contact term, and the nuclear magnetic screening of the ground state.
Emission frequencies, as well as the half-lives of some excited states [17, 18], and electronic properties of multi-electron atoms have been studied
with it. The model has been extended to cavities of shapes other than spherical to study atoms and molecules trapped inside cavities.

Aftu'thecnnﬁnedhydrogenatcmﬂienextmustshﬁedmnﬁnedauxnismehdkmammCmﬂnedhde-lﬂeahfmaemesinﬁestmnﬁed
many-electron atoms, consisting of a nucleus with nuclear charge Z and two electrons. It is now when the electron-electron repulsion appears, which

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any
medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2024 The Authors. Intemational Journal of Quantum Chemistry published by Wiley Periodicals LLC.
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NOTAS DE MECANICA CUANTICA

Capitulo 1

1. La funcién de onda y su interpretacién
El objetivo de este capitulo es:
1. Dar una interpretacién fisica de la densidad de probabilidad
2. Definir los valores esperados de la posicién

3. Definir el operador de momento lineal



Ciudad de México a 1 de agosto de 2025.

INFORME DE ACTIVIDADES DESARROLLADAS DURANTE EL
PERIODO SABATICO

A continuacién doy un informe detallado de las actividades que realicé durante mi periodo
sabatico de 18 meses.

Norberto Aquino Aquino No. econdmico 12036

Profesor Titular C

Departamento de Fisica

Area de Mecanica

Divisién de Ciencias Basicas e Ingenieria

1.

Propuesta. Continuaré la codireccion y asesoria, junto con el Dr. Eleuterio Castafio
Tostado, del estudiante de doctorado: M. en C. Luis Manuel Arvizu Cornejo, con el tema
“Teoria cudntica de electrones confinados a la superficie de conos circulares rectos. Efectos
Aharonov-Bohm y teoria de la informacién”. El alumno cursa el Posgrado en Ciencias
(Fisica) de la UAM-I, grado de avance del 20%.

Actividades: reuniones de trabajo para asesorias, supervisién, planeacion, analisis,

discusion y revision de avances.

Resultados. Contintie con la co-direccién del estudiante de doctorado, Luis Manuel Arvizu
Cornejo, quien cursé del Trabajo de Investigacion II al Trabajo de Investigacion VI, se
incluye copia de la boleta de calificaciones del alumno. Grado de avance 60%. Cémo parte
del trabajo de investigacion que realizamos se publicaron dos articulos en revistas

internacionales indexadas:

a) L. M. Arvizu, E. Castafio and N. Aquino, Shannon entropy of a particle on a conical
surface, Phys. Scr. 99 (2024) 095270. https:/doi.org/10.1088/1402-4896/ad6fe0



b) L. M. Arvizu, E. Castafio and N. Aquino, Shannon entropy of an electron on a conical
surface: Aharonov- Bohm effects, J. Phys.A: Math. Theor. 58 (2025) 145301.
https://doi.or/10.1088/1751-8121/adc4a3

Propuesta. Continuaré la codireccion y asesoria, junto con el Dr. Adridn Mauricio Escobar
Ruiz, del estudiante de Maestria: José Manuel Pérez Minguela, con el tema “Deformacion
de las superficies nodales del atomo de hidrogeno en presencia de un campo magnético
constante”. El alumno cursa el Posgrado en Ciencias (Fisica) de la UAM-I, grado de
avance de 25%.

Actividades: reuniones de trabajo para asesorias, supervision, planeacion, analisis,

discusion y revision de avances.

Resultado. El alumno José Manuel Pérez Minguela decidié no continuar con sus estudios

de Maestria y se dio de baja sin explicacién alguna.

Propuesta. Continuaré el estudio de las propiedades energéticas y las medidas de
informacién cuéntica del estado base y primer estado excitado del atomo de helio
confinado, con los siguientes colegas: Dr. Antonio Flores Riveros, Dr. Juan Francisco Rivas
Silva, (Benemérita Universidad Auténoma de Puebla), Dr. Eduard Montgomery Jr. (Centre
College, Kentuky, USA), Vinod Prasad (India), Juan Carlos Angulo (Universidad de
Granada, Espafia) y el alumno de doctorado Carlos R. Estafion.

Los resultados se presentarin en un congreso nacional y escribird un articulo de

investigacion.

Resultado. Se publicé un articulo sobre la teoria de la informacién cudntica del helio
confinado: C. R. Estafién, H. E. Montgomery Jr., J. C. Angulo and N. Aquino, The confined
helium atom: An information-theoretic approach, International Journal of Quantum
Chemisrtry, 2024;124;¢27358. https://doi.org/10.1002/qua.27358

En este momento, continuamos estudiando formas alternativas de obtener el

entrelazamiento cudntico en el helio confinado a través de medidas de la informacion.

Propuesta. Se estudiara el estado base del atomo de hidrégeno confinado en una esfera
impenetrable con el nicleo del dtomo fuera del centro de la esfera. Se obtendré la energia,



la entropia de Shannon y la informacion de Fisher como funcién del radio de la esfera. En
este proyecto colaboraran los doctores Francisco Adrian Duarte (Universidad de Sonora,
Hermosillo), Andrei Solérzano (Tec de Monterrey, Campus Puebla) y Alejandro Rojas
Calderén (UAM-A).

Resultado. Se realizaron célculos numéricos con una funcién de prueba sencilla y los
resultados obtenidos se presentaron en el Congreso Nacional de Fisica 2023. Se continua la

investigacion utilizando una funcién de prueba con més parametros variacionales.

Propuesta. Estudiaré el espectro de inversion de la molécula PHs, en colaboracién con los
doctores Juan Francisco Rivas Silva y Dr. Francisco Javier Melendez Bustamante

(Benemérita Universidad Autonoma de Puebla) y Hernani Yee-Madeira (ESFM-IPN).

Resultado. Se calculé la superficie de potencial del PH; mediante el programa Gaussian 09
usando el funcional hibrido Becke3LyP, a partir del cual se construy6 una funcién analitica
y, se resolvié la ecuacién de Schrodinger correspondiente, obteniendo las frecuencias de
inversion de dicha molécula. Se continfia trabajando en el célculo con funcionales mas

modernos.

Propuesta. El estudio de tres osciladores cudnticos acoplados en colaboracion con los
colegas Adrian Mauricio Escobar Ruiz y Horacio Olivares Pilén del Departamento de
Fisica, UAM-I, y Mario Alan Quiroz Juarez de la UNAM (Juriquilla). Los resultados se

presentaran en un congreso nacional.

Resultado. Durante el tiempo del periodo sabatico no hubo la suficiente colaboracion y esta

se quedo sin avances.

Propuesta. Escribiré unas notas para los cursos de Mecanica Cuantica I y II a nivel

licenciatura, que serviran de apoyo a los estudiantes de la carrera de Fisica de la UAM-I.

Resultado. Las notas de los cursos de Mecanica Cuantica I y II se encuentran al final de este

reporte. Me hizo falta tiempo para terminar algunos temas.




8. Propuesta. Se enviara para su publicacion al menos dos articulos de investigacion sobre los

temas antes mencionados a una revista internacional indexada.

Resultado. Durante mi periodo sabético publiqué 8 articulos de investigacion y uno mas fue

aceptado:

a)

b)

<)

d)

e)

g)

h)

C. R. Estaiién, H. E. Montgomery Jr., J. C. Angulo and N. Aquino, The confined
helium atom: An information-theoretic approach, International Journal of Quantum
Chemisrtry, 2024;124;¢27358. https:/doi.org/10.1002/qua.27358.

Elizabeth Cruz, N. Aquino, V. Prasad and A. Flores-Riveros, A two-dimesnional
harmonic oscillator confined in a circle in presence of a constant electric field: an
informational approach, Eur. Phys. J. D (2024) 78:71,

https://doi.org/10. 1140/ep jd/s10053-024-00861-3

L. M. Arvizu, E. Castafio and N. Aquino, Shannon entropy of a particle on a conical
surface, Phys. Scr. 99 (2024) 095270. https://doi.org/10.1088/1402-4896/ad6fe0

L. M. Arvizu, E. Castafio and N. Aquino, Shannon entropy of an electron on a conical
surface: Aharonov- Bohm effects, J. Phys.A: Math. Theor. 58 (2025) 145301.
https://doi.or/10.1088/1751-8121/adc4a3

F. M. Fernandez, J. Garcia, N. Aquino and A. Flores-Riveros, On the two-dimensional

harmonic oscillator with an electric field confined to a circular box, Phys. Scr. (2024)

125278, https://doi.org/10.1088/1402-4896/ad921f
N. Aquino, S. Cruz, J. Garza and R. Vargas, Contributions from UAM-

Iztapalapa to the study of confined atoms and molecules, J. Mex. Chem. Soc.,
(2024) 68(4), http:/dx.doi.org/10.29356/jmes.v68i4.2266

B. Dahiya, D. Mujal,A. Maan, N. Aquino, V. Prasad, Exploring quntum
information in spherical confined positronium. Chinese Journal of Physics,
97(2025) 302-314, https://doi.org/10.1016/j.cjph.2025.03.049

B. Dahiya, B. Vidhani, N. Aquino and V. Prasad, Shannon entropy and energy
of H-atom confined in a fullerene cage: Effect of an external electric field,
Chemical Physics Impact, 10(2025) 100826,
https://doi.org/10.1016/j.chphi.2025.100826

E. Cruz, N. Aquino, C. Estafién and Y. Yee-Madeira, A quantum particle in a
circle an informational approach revisited, Rev. Mex. Fis. ACEPTADO



Actividades no programadas.

1.

Obtencién de grado de Doctor del M. en C. Carlos Alberto Ruiz Estafién. Fui director
de la tesis titulada: “Algunas aplicaciones de la teoria de la informacién cuéntica a
sistemas confinados de uno y dos electrones”. Fecha de la obtencién de grado: 27 de
febrero de 2024.

2. Obtencién del grado de Maestria del Lic. Didier Gamaliel Buendia Ortiz. Fui codirector
de la tesis: “Algoritmos cuanticos”. Fecha de examen: 22 de abril de 2025

3. Editor invitado de la Revista ContactoS para el nimero especial del Departamento de
Fisica con motivo de la celebracién del 50 aniversario de la Universidad Auténoma
Metropolitana.

4. Participacién en el Simposio del Cuerpo Académico de Fisica Computacional de la
Materia Condensada, Instituto de Fisica BUAP. Titulo de la platica: “Valores propios y
funciones propias de un electron que se mueve sobre la superficie de un cono de
tamaiio finito.

5. Platica dentro del marco de la Celebracion del 50 Aniversario del Departamento de
Fisica de la UAM-Iztapalapa. Titulo de la plitica: “Entropia de Shannon de una
particula que se mueve sobre la superficie de un cono”.

6. Participacion en la XXII Reunién Mexicana de Fisicoquimica Teérica.

Tutor de la alumna de Maestria: Julieta Sarai Aguila Villocaia durante 2023.

8. Miembro de la comisién de Posgrado del Departamento de Fisica 2023-2024.

Atentamente,

Dr. Norberto Aquino Aquino
Departamento de Fisica,
Universidad Autonoma Metropolitana-Iztapalapa
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Casa abicria al tiempo
UNIVERSIDAD AUTONOMA METROPOLITANA
Unidad-lztapalapa

CBI.AP.607.2023
28 de junio de 2023

Dr. Norberto Aquino Aquino
Departamento de Fisica

UAM - Iztapalapa

Presente

Estimado Dr. Aquino:

Por este conducto me pemito informarle que la Comisién del Posgrado Divisional, de la
Division de Ciencias Basicas e Ingenieria, ha decidido nombrario co-asesor conjuntamente con
el Dr. Eleuterio Castafio Tostado, profesor del Departamento de Fisica, UAM - Iztapalapa, del
proyecto doctoral “Teoria cudntica de electrones confinados a la superficie de conos
circulares rectos. Efectos Aharonov-Bohm y teoria de la informacién” en virtud de que
Luis Manuel Arvizu Comejo, alumno del Posgrado en Fisica, sustenté y aprob6 su examen
predoctoral el dia 19 de mayo de 2023.

Asimismo, le informo que el alumno debera entregar a la Comisién Divisional de Posgrado el
proyecto modificado de acuerdo con los comentarios emitidos por los sinodales que lo evaluaron; junto
con una carta en la que conteste a dichos comentarios, con especial atencién en incluir y explicar los
conceptos fundamentales del efecto Aharonov-Bohm y la norma de Landau. La nueva version del
proyecto debera contar con el visto bueno de usted y de los sinodales y debera ser entregada a mas
tardar el 23 de agosto del presente.

Anexa a la presente encontrara usted copia de los comentarios emitidos por el jurado
evaluador.

Sin otro particular, aprovecho la ocasién para enviarle un cordial y respetuoso saludo.

Atentamente
Casa abierta al tiempo

Dr. Hugo A. Morales Técotl
Coordinador del Posgrado Divisional

c.c.p.: M. en C. Luis Manuel Arvizu Cornejo.- Alumno del Posgrado en Fisica.
c.c.p.: Dr. Eleuterio Castafio Tostado.- Co-asesor, Departamento de Fisica, UAM - Iztapalapa.
c.c.p.: Dr. José Inés Jiménez Aquino.- Coordinador del Posgrado en Fisica.

Division de Ciencias Bésicas e Ingenieria

Av. Ferrocarril San Rafael Atlixco No. 186, Col. Leyes de Reforma 12, Seccion,
Alcaldia Iztapalapa, 09310 Ciudad de México

Tel. 5804 46000 ext. 4605, E-mail: pdiv@xanum.uam.mx
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SOCIEDAD MEXICANA DE FISICA

A quien corresponda.

Tenemos el gusto de informarle que el trabajo con clave unica: LXVI-007160 y cuyo titulo
es: La entropia de Shannon del problema del atomo de hidrégeno confinado en una
esfera impenetrable con su nicleo fuera del centro de la esfera., de los autores:

Aquino Aquino Norberto (Presentador)
Universidad Auténoma Metropolitana Iztapalapa

Rojas Calderén Rafael Alejandro
Universidad Auténoma Metropolitana Azcapotzalco

Duarte Alcaraz Francisco Adrian
Departamento de Fisica, Universidad de Sonora

Solérzano Pérez Andrei
Instituto Tecnolégico de Monterrey, campus Puebla

Fue aceptado para su presentacién tipo péster en la sesion de Fisica Atomica y
Molecular el dia 11 de octubre de 2023 en Expocentro Planta Alta dentro del programa
del LXVI Congreso Nacional de Fisica.

Se extiende la presente constancia el dia 14 de septiembre de 2023.
ATENTAMENTE

Comité Cientifico
Sociedad Mexicana de Fisica

e AP. 70-348, Coyoacan 04511, COMX & (5255) 56224946/56224848 ﬁ e D /SMF.info
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(Casa abieria al tiempo
UNIVERSIDAD AUTONOMA METROPOLITANA

Unidad-lztapalapa

CBI.AP.235.2024
27 de febrero de 2024

Dr. Norberto Aquino Aquino
Departamento de Fisica
UAM - Iztapalapa

Presente

Estimado Dr. Aquino:

Por este conducto me permito agradecer ampliamente su participacion como
director y sinodal en el proceso que culmin con el examen de grado de Doctor
en Ciencias (Fisica) del M. en C. Carlos Alberto Ruiz Estaiion (CVU # 640239),

el dia 27 de febrero de 2024.

El cuidado con el que usted reviso la tesis y los articulos de investigacion del M.
en C. Carlos Alberto Ruiz Estafion, y su presencia durante el examen de grado,
fueron fundamentales para asegurar que este trabajo doctoral fuera de la calidad
requerida para obtener el grado de Doctorado en Ciencias (Fisica).

Uno de los objetivos de mayor importancia de la Divisién de Ciencias Basicas e
Ingenieria es evaluar rigurosamente el trabajo del alumnado de doctorado. Su
participacion fue de particular importancia para cumplir con este objetivo.

Sin otro particular, aprovecho la ocasion para enviarle un cordial y respetuoso
saludo.

Atentamente
Casa abierta al tiempo

Dr. Hugo Aurelio Morales Técotl
Coordinador del Posgrado Divisional

Division de Ciencias Basicas e Ingenieria
Av. Ferrocarril San Rafael Atlixco No. 186, Col. Leyes de Reforma 1°. Seccion, Alcaldia
|ztapalapa, 09310 Ciudad de México
Tel.: 58044600, ext. 4605, e-mail: pdiv@xanum.uam.mx
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Casa abierta al tiempo
UNIVERSIDAD AUTONOMA METROPOLITANA

22 de abril de 2022.

Dr. Norberto Aquino Aquino
Departamento de Fisica de la UAM-Iztapalapa
PRESENTE

Estimados Dr. Aquino, a nombre de la Comision del Posgrado en Fisica, le comunico
que su solicitud para codirigir el trabajo de tesis de Maestria “Simulacion de Sistemas
Cudnticos de Muchos Cuerpos usando Computacién Cudntica” que desarrollard el alumno
Didier Gamaliel Buendia Ortiz, matricula 2212801497, bajo la direccion del Dr. Isaac
Pérez Castillo, ha sido aceptado en el programa de Posgrado en Ciencias (Fisica).

Sin otro particular les envio un cordial saludo

Atentamente

Dr. José Inés Jiménez Aquino
Coordinador del Posgrado en Fisica
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UNIVERSIDAD AUTONOMA METROPOLITANA
Unidad |ztapalapa

ContactoS

REVISTA DE EDUCACION EN CIENCIAS E INGENIERIA
cts@xanum.uam.mx, apcts@xanum.uam.mx

NOVIEMBRE 30, 2024

DR. NORBERTO AQUINO AQUINO
DR. SALVADOR A. CRUZ JIMENEZ
UNIVERSIDAD AUTONOMA METROPOLITANA - IZTAPALAPA

El Comité Editorial de ContactoS, Revista de Educacion en Ciencias e Ingenieria, les agradece
haber participado como editores invitados en el:

NUMERO ESPECIAL DEL DEPARTAMENTO DE FiSICA.
REFERENCIA: CTSN082024

Mismo que ha sido evaluado por pares académicos y aceptado para su publicacion en el
No. 139 del afio 2024 de Contactos, revista registrada en Latindex, Sistema Regional de
Informacién en Linea para Revistas Cientificas de América Latina, el Caribe, Espafay
Portugal y en el Indice de Revistas Mexicanas de Divulgacion Cientifica y Tecnoldgica del

CONACYT.

Agradecemos su interés y colaboracion.

ATENTAMENTE

M. C. ALMA E. MARTINEZ LICONA
EDITORA EN JEFE

Av. Ferrocarril San Rafael Atlixco, nimero 186. Colonia Leyes de Reforma 1A Seccion, Alcaldia
Iztapalapa. C.P. 09310 Ciudad de México. Tel: 55 5804 4600 Ext. 1144
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El Departamento de Fisica
de la Universidad Auténoma Metropolitana-iztapalapa

Extiende la presente Constancia a:

Dr. Luis Manuel Arvizu,
Dr. Eleuterio Castario Tostado
y Dr. Norberto Aquino Aquino

Por su distinguida participacién en la Conferencia Plenaria:

“Entropia de Shannon de una particula
que se mueve sobre la superficie de un cono”

Dentro del marco de la Celebracién del 50 Aniversario del Departamento de Fisica
de la Universidad Auténoma Metropolitana, Unidad Iztapalapa.

El evento se llevo a cabo del 7 al 11 de octubre de 2024, en la Ciudad de Meéxico.

les Corona
epartamento de Fisica.

Dr. Juan
Jefe d

& Address UAM-Iztapalapa : Av. Ferrocarril San Rafael Atlixco. Nam. 186, Col. Leyes de Reforma 1 A
Seccion. Alcaldia Iztapalapa. C.P. 09310. Ciudad de México. Departamento de Fisica. Edificio
“T™. 3er Piso Tel. 3558044610, jmor ¢ Sanum.uam.ms




Fisica Antes y Ahora,
Conmemorando los 50 afios del Departamento de Fisica

Programa
Edificio G, Sala Cuicacalli, Octubre 2024

Lunes 7 Martres 8 Miércoles 9 Jueves 10 Viernes 11
-00 - 10: o Dr.J Azorli Dr. Ciro
9:00-10:00 | |nauguracién | Dr.MengkeCai | °F “{ao # Gua;;a"g""’ Dra. Linda Hirst
10:00 - 10:30 Coffee Break
a0 .- 11" Dr. Moisés Dr. José Inés Dr. Norberto

10:30 - 11:00 Martines Jiménez Aquino Aquino

Dr. Hai-Zhi Song B Namnacl Dr. lan Cavin
11:00 - 11: 3

1:00 - 11:30 Serinda: Video
11:30 - 12:00 Dr. Octavi
12:00 - 12:30 e el
12:30 - 13:00
13:00 - 13:30
Comida

13:30 - 14:00
14:30 - 15:00 Comida
15:00 - 15:30
15:30 - 16:00 Dra. Silvia

Hidalgo Tobdn

Libre

16:00 - 16:30 Dr. Adrian

Escobar Ruiz
16:30 - 17:00 Dr. Miguel

Bastarrachea
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Casa abieria al tiempo
UNIVERSIDAD AUTONOMA METROPOLITANA
Unidad-iztapalapa
CBI.AP.643.2023
30 de junio de 2023

C. Julieta Sarai Aguila Villocaiia
PRESENTE

A nombre de la Comision del Posgrado en Fisica me complace informarle que ha sido aceptada
como alumna de este programa en la opcién terminal de Maestria a partir del timestre 2023-P. Se
le ha asignado como su tutor al Dr. Norberto Aquino Aquino, profesor del departamento de Fisica de
nuestra institucion.

Es indispensable que lea con cuidado los siguientes documentos de tal forma que esté bien
informada respecto a los derechos y las obligaciones que adquiere como alumna del Posgrado en
Fisica: a) plan de estudios del Posgrado en Fisica, b) reglamento de estudios superiores de la
Universidad Auténoma Metropolitana, c) lineamientos particulares del Posgrado en Fisica y d)
lineamientos particulares del Sistema de Posgrado Divisional.

En particular debe observar los tiempos limites contemplados en los diferentes procesos. Esto
incluye, si es su caso, la entrega de documentos probatorios pertinentes asociados con sus estudios
previos en la oficina de Posgrado en la Coordinacion de Sistemas Escolares; planear junto con su
tutor la calendarizacion de sus cursos con el fin de contar con los créditos requeridos para la
presentacion de su examen de grado dentro del tiempo planeado de seis trimestres. Le hago notar
que durante el trimestre 2023-P los cursos obligatorios programados son: 2116035 Mecanica
Estadistica y 2116038 Mecanica y Caos

A mas tardar en la semana siete del trimestre anterior a aquel en que planea inscribirse a la UEA
Introduccién a la Investigacion |, debera solicitar por escrito, a la Comision de Posgrado en Fisica, la
asignacion de asesor de tesis e informar el tema de investigacion a desarrollar, con el visto bueno
del asesor propuesto. Para acreditar las UEA de Introduccién a la Investigacion |, Il y IlI,
respectivamente, debera presentar un informe detallado de sus actividades de investigacion.

Por lo que toca a apoyo de becas CONACYT, es importante entregar completa y oportunamente
la solicitud correspondiente con la M. en C. Maria Iseo Gonzalez Christen, en la oficina de Atencién
a Alumnos de la DCBI (Tel. 5804-4605, pdiv@xanum.uam.mx), con quien puede solicitar la
informacion correspondiente.

Finalmente, uno de los elementos cruciales en su formacién es, sin lugar a dudas, su participacion
en las reuniones trimestrales de los estudiantes de Posgrado en Fisica, asi como participar en los
seminarios del Departamento de Fisica, por lo que tiene que tomar en cuenta que la asistencia a los
seminarios es obligatoria.

Deseandole éxito en esta nueva empresa en su carrera, le doy la mas cordial bienvenida.

Atentamente
Casa abierta al tiempo

Dr. José Inés Jiménez Aquino
Coordinador del Posgrado en Fisica

c.c.p.: Dr. Norberto Aquino Aquino.- Departamento de Fisica, UAM - Iztapalapa
c.c.p.: Lic. César Hernandez Vazquez.- Sistemas Escolares.

Division de Ciencias Basicas e Ingenieria
Av. Ferrocarril San Rafael Atlixco, Nim. 186, Col. Leyes de Reforma 1 A Seccion, Alcaldia Iztapalapa, C.P. 09310, Ciudad de
México
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Casa abierta al tiempo

UNIVERSIDAD AUTONOMA METROPOLITANA

Ciudad de México, 18 de marzo de 2024.

A quien corresponda:

A peticion del interesado y para los fines que considere convenientes, se hace constar que el
Dr. Norberto Aquino Aquino, profesor del Departamento de Fisica, Divisién de Ciencias
Basicas e Ingenieria, de la Universidad Auténoma Metropolitana, Unidad |ztapalapa,

se desempeii6é como miembro de la Comisién de Posgrado en Fisica, durante el periodo del
1 de enero al 31 de diciembre de 2024.

Cabe mencionar que, a la fecha, el Dr. Aquino Aquino continia como miembro de dicha
Comision.

Atentamente
Casa abierta al tiempo

DT. Unranao/Suzmarl
Coordinadér del Posgrado en Fisica

pfis@xanum.uam.mx
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Casa abierta al tiempo

UNIVERSIDAD AUTONOMA METROPOLITANA

Ciudad de México, 25 de febrero de 2025.

A quien corresponda:

A peticion del interesado y para los fines que considere convenientes, se hace constar que el

Dr. Norberto Aquino Aquino, profesor del Departamento de Fisica, Division de Ciencias
Basicas e Ingenieria, de la Universidad Auténoma Metropolitana, Unidad Iztapalapa,

se desempefié como miembro de la Comision de Posgrado en Fisica, durante el periodo del
1 de enero al 31 de diciembre de 2024.

Cabe mencionar que, a la fecha, el Dr. Aquino Aquino continia como miembro de dicha
Comision.

Atentamente
Casa abierta al tiempo

Coordinador del Posgrado en Fisica

pfis@xanum.uam.mx
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A quantum particle in a circle; an informational approach revisited

E. Cruz®, N. Aquino®*, C. R. Estaiién® and H. Yee-Madeira®

@Departamento de Fisica, Universidad Autonoma Metropolitana-Iztapalapa,
Av. Ferrocarril San Rafael Atlixco 186, Iztapalapa, 09310 Ciudad de México, México,
*e-mail: naa@xanum.uam.mx
Y Departamento de Fisica, Escuela Superior de Fisica y Matematicas, Instituto Politécnico Nacional,
Edificio 9 Ciudad de México, México.
This work is dedicated to the memory of Dr. Victor David Granados Garcia (1949-2023)

Received 3 September 2024; accepted 14 February 2025

We study the localization-delocalization of a particle moving within an infinite circular well of radius ro from a theoretical information point
of view. We computed the Shannon entropy, Fisher information and disequilibrium in configuration and momentum spaces for a collection of
stationary states. Comparing our results of Shannon entropies with those previously published we found good agreement with those. Shannon
entropy, Fisher information and the disequilibrium offer complementary results for the description of the particle localization-delocalization.

Keywords: Particle in a circle; Shannon entropy; Fisher information; disequilibrium.

DOI: https://doi.org/10.31349/RevMexFis.71.040701

1. Introduction

Information theory is an area of constant growth, as shown
by the number of papers published each year, and of wide
application in various areas of knowledge. Some examples
of its applications are: the study of earthquakes [1], image
retrieval and indexing [2], cryptography [3], noise theory [4],
robot navigation [5], machine learning [6], study of early
stone tools [7], black holes [8], etc.

In particular in quantum mechanics it has been used to
study free systems and some systems subject to spatial con-
finement. The Shannon entropy has been used as a mea-
sure of electron localization-delocalization in aromatic com-
pounds [9], in atomic and molecular calculations [10-24] and
recently, in spatially confined systems such as: the hydro-
gen atom, helium and multi-electron atoms enclosed within
penetrable and impenetrable walled boxes, models that simu-
late the behaviour of matter under the action of high external
pressures.

The particle inside an infinite circular well (ICW) is a
simple quantum mechanical example [25-27], but the study
of this system is not only of academic interest. Dong ef al.
[28] studied the Shannon entropy in configuration and mo-
mentum spaces of a particle in an ICW like a mathematical
example. On the other hand, Corzo et al. [29] studied the
particle inside an ICW as a model of an electron in a cir-
cular quantum corral. They calculated the radial Shannon
entropy in the configuration and momentum spaces and also
they introduced a one dimensional entropy with a more sim-
ple structure as a function of the radial and angular quantum
numbers. Cruz et al. [30] studied an electron inside an ICW
in the presence of a magnetic field. Tai et al. [31] found by
molecular calculations that the cluster B3, has the shape of
aICW.

Corzo et al. [29] and Dong ef al. [28] analysed the radial
standard deviation and radial Shannon entropy of the problem
of a quantum particle in an ICW. Corzo et al. [29] pointed out
that the standard deviation is sensitive to the shape and width
of the probability density distribution. This fact is reflected
in a study made by Bialynicki-Birula and Rudnicki [32] in
which they show that in some very simple physical systems
the standard deviation has serious fails in the description of
the dispersion of the probability density.

Corzo et al. [29] found that the radial standard devia-
tion and the radial Shannon entropy have different behavior.
The radial standard deviation of different states as a func-
tion of the radial quantum number shows an increase, ie.,
it shows a growing in the dispersion in the probability den-
sity distribution (delocalization). While the radial Shannon
entropy shows a trend towards localization for states with an-
gular momentum m < 4. They found that the radial Shannon
entropy results give a measure consistent with the probability
distribution of the analyzed states.

The aim of this work is to study the localization-
delocalization of an electron inside an infinite circular well
by means of the following information measures: Shannon
entropy, Fisher information and disequilibrium, in configura-
tion and momentum spaces. Our interest in using thes infor-
mational measures is to know whether these other measures
give results equivalent to those of the Shannon entropies re-
ported previously [28,29] or whether additional information
is obtained.

The structure of the work is as follows: In Sec. 2, we
show the eigenfunctions and eigen—energies of a particle in a
circular box. In Sec. 3 we briefly describe the quantum prob-
ability density in configuration and momentum spaces and,
the informational measures: Shannon entropy, Fisher infor-
mation and disequilibrium, In Sec. 4 we show the results and
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Exploring quantum information in spherically confined positronium e
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s Department of Physics, Swami Shraddhanand College, University of Delhi, Alipur Delhi 110036, India

® Department of Physics and Astrophysics, University of Delhi, Delhi 110007, India
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ARTICLE INFO ABSTRACT

Keywords: Various information theoretic measures, such as the Shannon entropy, the Fisher information,

Confined Positronium the Onicescu information energy, the complexity, etc., are studied to understand the effect

Information entropy of confinement in a two-particle system. Here, we have considered confined Positronium.

meﬁmw Positronium, being an important system for various reasons, has been explored in detail. The
v energy eigenvalues and eigenfunctions have been evaluated numerically and are in excellent

agreement with those reported in the literature. With confinement, the various information
theoretic measures show interesting behaviour. The lower bounds established for different
uncertainty relations still apply in confinement.

1. Introduction

There has been renewed interest in studying the information theory of various quantum mechanical systems. This interest is
basically due to the fact that various uncertainty relations of the information theory provide a deeper insight into the fundamental
physical properties of the system under study [1-4], and also because by analysing the probability density of the system with
information theory, it is possible to understand better the location and correlation of the electrons [5-10] and the references
in [9]. In information theory, the Shannon entropy in position and momentum space has a special mention, as these measures
give information about the localization or delocalization of the system and their sum is always supposed to follow a bound [11-13],
known as Bialynicki-Birula and Mycielski (BBM) inequality [14]. Panos et al. [15] calculated the Shannon entropy of a single particle
state and obtained a relation between the entropy sum and the energy of the system. The Shannon entropy and the Fisher information
describe the spreading of the wave function. The Shannon entropy is a global measure of the concentration of probability density,
whereas the Fisher information tells about the point-wise concentration of probability density [16]. The study of information entropic
measures has essential applications in quantum computation and information technology [17,18]. Also, polarizability, susceptibility
and other experimentally observable parameters have been derived in terms of information entropies [19]. Studying information
theory is crucial to have a deeper knowledge of quantum mechanical systems. Romera and Dehesa [20] have developed a new
correlation measure in terms of the Shannon entropy power and the Fisher information. In addition to the Shannon entropy and
the Fisher information, we have also studied the Onicescu information energy [21] and the complexity of confined Positronium

* Corresponding author.
E-mail addresses: brijenderé@ss.duac.in (B, Dahiya), diptiphy9877@gegl Lac.in (D. Munjal), anjalimaan2607@gmail.com (A. Maan), naag@/xanum.uinmx
(N. Aquino), vprasada@ss.duac.in (V. Prasad).

hitps: //doi.org/10.1016/j.cjph.2025.03.049
Received 2 November 2024; Received in revised form 27 March 2025; Accepted 27 March 2025

Available online 7 April 2025
0577-9073/© 2025 The Physical Society of the Republic of China (Taiwan). Published by Elsevier B.V. All rights are reserved, including those for

text and data mining, Al training, and similar technologies.
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ARTICLE INFO ABSTRACT

Keywords: This study examines the energy and entropic properties of a hydrogen atom confined within a fullerene cage,
Fullerene cage usi.ngmopomnﬁﬂmoddxmeSqmreWeﬂ(SW]aMGaumimPotmﬂﬂ(GP).mmﬂmemgeﬂm
Shell width considered correspond to C@36 (Cy;) and C@60 (Cy). Key factors influencing the energy levels and total
Sh“'!mﬁjdmw Shannon entropy include the radius of the fullerene cage, the strength of the confining potential, and the shell
Aroidad i width of the cage. Additiomxlly.thehnpactofanextemaldeﬂﬁcﬁeidmthmpmperﬁesismlysedindetaﬂ.
Notably, the electric field introduces avoided crossings in various states, which were previously observed only
in s-states due to variations in the confining potential strength. This study underscores the complex interplay
between the confining potential strength, cage width, and perturbations induced by the electric field.
Introduction atoms confined in infinite potential. Using Shannon entropy, Rojas

The concept of measure of information loss or the amount of infor-
mation associated with a variable was introduced by C. E. Shannon [1].
This concept of Shannon entropy is the main base of information
theory. Over time, this information theory has been extended in many
areas, such as signal processing, data compression [2], lossless data
communication [3], quantum computation [4], chemical reaction dy-
namics [5,6], ionization energy [7,8], etc. The concept of alteration
of properties of the atoms or molecules by confinement is way back
in 1937 [9]. Since then, confinement has been applied to modify the
properties of various quantum systems. The hard wall/impenetrable
spherical confinement is considered to understand the high-pressure
effectxonmeammicsystems,suchaainmemrsorﬂ;einteﬁorof
Jupiter and Saturn [10-14]. Information theory has gained attention
in studying the confined quantum systems [15-25]. Shannon entropy
of confined systems has been intensively studied in the last decade.
Shannon entropy is associated with the localization/delocalization in
the position and momentum spaces. Sen [26] has studied the H-like
atom in spherical shell confinement. The potential within the shell
is zero and infinite elsewhere. The conditions of various inner and
outer radii values depict the different confinement conditions studied.
Nascimento [27] studied Shannon entropies and energies of H-like

* Corresponding author,

and Aquino analysed the quality of seven trial wave functions for the
ground state of a confined hydrogen atom [28]. Salazar et al. [22]
studied the Shannon entropy of confined H-atom and showed that
the Shannon entropy of H-atom approaches the Shannon entropy of
Particle in a Spherical Box (PISB) as the radius tends to zero. The
dip in the Shannon entropy of the 1s state of confined H-atom results
from the Coulombic term in H-atom, which is absent in PISB. Jioa
et al. [29] presented analytically the highly accurate values of Shannon
entropy of spherical hard wall confined H-atom. The infinite potential
confinement is helpful in modelling/ understanding many phenomena.
The wavefunction vanishes at the confining boundary for infinite po-
tential conditions, and Dirichlet boundary conditions are applied to the
wavefunction.

However, there are cases for finite confining potentials. The con-
fined hydrogen atom by hard and soft walls is studied using the logistic
potential as the confinement potential [31]. Martinez-Sanchez [32]
has studied the Shannon entropy of H-atom confined by the finite
harmonic oscillator and finite positive potential of varying strength and
presented a relation between kinetic energy and Shannon entropy. One
of the essential finite potential conditions is the attractive potential
condition due to an atom trapped in a fullerene cage, known as an
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Abstract

In this work, we solve the Schrédinger equation of a particle restricted to move
on a cone surface of finite height under the influence of an Aharonov—Bohm
magnetic field. The energy eigenvalues and their respective wave functions are
obtained analytically as a function of the radial distance from the apex and the
apex angle. We compute the Shannon entropy in configuration and momentum
space for the ground and the first excited states as a function of the slant height
and the apex angle. In the absence of magnetic flux the states (n,m) and (n,—m)
have identical Shannon entropies, but for non-zero fluxes the Shannon entrop-
ies of these states are different, their values depending on the state, the apex
angle and the value of the magnetic flux.

Keywords: energy eigenvalues, eigenfunctions, quantum cone,
Shannon entropy

1. Introduction

Information theory has become a very useful tool for interpreting phenomena in different areas
of science, including the derivation of fundamental equations in physics [1], robot navigation
(2], machine learning [3], seismology [4], biomedical imaging [5, 6], cryptography [7], the
study of fabrication of early stone tools [8] and black holes [9] to mention just a few.
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Abstract. The study of confined quantum systems has been a subject of fundamental interest of research at the
Universidad Auténoma Metropolitana (UAM) for over 30 years. This summary highlights the contributions of the
present authors from UAM in this field considering various quantum systems under different confinement
conditions. The paper is divided into two sections: one focusing on atoms and molecules confined by closed and
open hard walls, and the other on systems confined by closed and open soft walls. As UAM celebrates its 50™
anniversary, it is a timely moment to reflect on the development of collective efforts of the Chemistry and Physics
departments in contributing to knowledge in this intriguing and interesting field.

Keywords: Confined systems; systems under high pressure; electronic structure under extreme conditions.

Resumen. El estudio de sistemas cuénticos confinados ha sido objeto de fundamental interés en la Universidad
Auténoma Metropolitana (UAM) sobre 30 afios. Este resumen resalta las contribuciones de la autora y autores de
la UAM en este campo considerando varios sistemas cuénticos bajo diferentes condiciones de confinamiento. El
articulo est4 dividido en dos secciones: una enfocindose en atomos y moléculas confinadas por paredes duras
cerradas y abiertas, y la otra en sistemas confinados por paredes suaves cerradas y abiertas. Como la UAM celebra
su 50 aniversario, es un buen momento para mostrar el desarrollo de esfuerzos colectivos de los departamentos de
quimica y fisica en la contribucién del conocimiento en este interesante e intrigante campo.

Palabras clave: Sistemas confinados; Sistemas bajo altas presiones; Estructura electrénica bajo condiciones
extremas.

Introduction

The first theory of metallic sodium and a method to calculate the binding properties of metals was
put forward by Wigner and Seitz since 1933.[1,2] Their work gave rise to the celebrated Wigner-Seitz cell
model, whereby each atom in the crystal lattice is surrounded by a polyhedron formed by bisecting planes
between the atom and its neighbors. Without further details, we deem this was the first confined system
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Abstract

We revisit the quantum-mechanical two-dimensional harmonic oscillator with an electric field
confined to a circular box of impenetrable walls. In order to obtain the energy spectrum we resort to
the Rayleigh-Ritz method with polynomial and Gaussian basis sets. We compare present results with
those derived recently by other authors. We discuss the limits of large and small box radius and also do
some calculations with perturbation theory.

1. Introduction

In a paper published recently Cruz et al [ 1] studied a model for an electron confined to a circle of radius ro under
the effect of a harmonic interaction and a uniform electric field. They solved the Schrodinger equation by means
of the linear variational method (commonly known as the Rayleigh-Rith method (RRM) [4, 5]) and studied the
effect of the box size and the magnitude of the electric field on the Shannon entropy and Fisher information for
some of the lowest states of the system.

In their calculation Cruz et al resorted to an incomplete trial function that is a linear combination of states
sharing the same radial part. Since there are no other results that may be chosen as benchmark it was not possible
to estimate the accuracy of those variational results. In this paper we repeat the calculation using a suitable basis
set. Since the RRM yields increasingly accurate upper bounds to the all eigenvalues of the problem [6, 7] we can
easily estimate the accuracy of the results of Cruz et al.

2. Two-dimensional harmonic oscillator confined to a circle with a constant electric field

In what follows we outline some general features of the Schrédinger equation for the model as well as the earlier
calculation carried out by Cruzetal [ 1].

2.1. Some general features of the eigenvalue equation
The problem discussed by Cruz et al is given by the Hamiltonian operator
h? k

H=-—Vt4+

LI
= zr + efx + Vo(r), 1)

where m is the electron mass, eis the electron charge, k is the oscillator force constant, fis the magnitude of the
electric field and V {r) is a confining potential given by

©2024 [OP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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Vic e selunie In this work we solve the time-independent Schrodinger equation of a particle restricted to move on
o Creative

Commans Aubnon 10 the surface of a circular cone of finite height. The energy eigenvalues, as well as the corresponding
e wave functions, are obtained analytically as a function of, r and ¢, the radial distance to the apex,
Anyfurther distributionof. ) < < 1, and the angular variable around the axis of the cone. We compute the Shannon entropy of
e vk na P this system in both configuration and momentum space as a function of r, and 6, the angular semi-

thework, journal itation  aperture of the cone. In configuration space, the Shannon entropy decreases, signalling a more

andDOL pronounced localization, as either , or 6 diminish; in momentum space, an opposite behaviour

& ® happens, i.e., the Shannon entropy increases when either, r or 6y, decrease. We also compute the
radial standard deviation; we find that the Shannon entropy better describes the localization-
delocalization phenomena. The present results agree with those previously published for a particle
confined to a circle of radius ry, which corresponds to 6, = 7 /2 in the present case.

1. Introduction

Spatially confined quantum systems have gained much interest in recent years since one can effectively design
their electronic properties by modifying the energy quantization, something that is achived by changing their
size, shape and dimensionality, as well as by using different materials and applying external fields. Recently,
different experimental techniques have been developed for the elaboration of a variety of confined quantum
systems that comprehends quantum wells, wires and dots, electronic structure of atoms and molecules subjected
to external high pressures, specific heat of monocrystals under high pressures, atoms trapped in cavities, and
nanopores, [ I-15], among many others. Recent progress on the field of confined atoms and molecules can be
reviewed in [19].

In recent years, a great deal of work has been devoted to the experimental and theoretical study of quantum
dots of different shapes that include spherical, ellipsoidal, cylindrical, conical, pyramidal and lenticule
geometries, [20-25], since theses systems have a wide range of applications in electronic and optoelectronic
technology, [26, 27].

Quantum mechanics of particles inside cones has also been shown to be a fruitful model for studying the
effects of spatial quantization, [28—30], and Gravesen et al studied states of a particle on a surface of revolution
forming a truncated cone [31].

Information measures such as Shannon entropy, Fisher information, disequilibrium, Tsallis and Renyi
entropies, among others, have been successfully used in different works that include the derivation of
fundamental equations of physics, image retrieval and indexing, machine learning, seismology, biological
imaging, cryptography, noise theory, black holes and atoms [32-59]. Particular emphasis has been placed in the
study of Shannon entropy in free atoms and molecules [41—45]. Recently, it has been used in the study of
hydrogen and helium atoms as well as in many electron atoms confined in penetrable and impenetrable cavities
[48-58].

A commonly used measure of the uncertainty of the position of a particle in one dimension is the standard
deviation. When the standard deviation is small the particle will be localized, while when the standard deviation

© 2024 The Author(s). Published by IOP Publishing Ltd
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1 | INTRODUCTION

Spatially confined quantum systems have become the subject of increasing attention because when a very high pressure is exerted on a physical
system, its energy levels increase rapidly. However, not all of them grow with the same rate, and this results in the filling of the energy levels that
may differ significantly from those of the compression-free system. As a consequence its physical properties can change drastically with high pres-
sure. Notable changes are found in electronic structure, emission and absorption frequencies, half-lives of excited states, selection rules, polariz-
ability, electronic affinity, chemical and ionization potential and so forth. Confined quantum systems can be used to model a wide variety of
problems in physics and chemistry such as: atoms trapped in cavities, in zeolite channels, in fullerenes, the electronic structure of atoms and mole-
cules subjected to high external pressures, the behavior of the specific heat of a monocrystal solid under high pressure, in the study of the
proton-deuteron transformation as a source of energy in dense stars, in the theory of white dwarf stars, phase transitions caused by compression
as in the collapse of the chemical bonding of H; [1-9] and so forth. This growing interest is also due to the fabrication of quantum systems of
nanometric sizes with potential technological applications such as in quantum wires, dots and wells [10, 11].

In 1937 Michels et al. [12] studied the variation of the polarizability of the hydrogen atom subjected to high external pressures. They pro-
posed a model in which a hydrogen atom is confined inside an impenetrable spherical cavity with the nucleus clamped in the center of a sphere of
radius rp. This model is known as the confined hydrogen atom (CHA) [7, 13-16], and has been used to study how some physical properties behave
in terms of pressure, such as: the hyperfine separation, given by the Fermi contact term, and the nuclear magnetic screening of the ground state.
Emission frequencies, as well as the half-lives of some excited states [17, 18], and electronic properties of multi-electron atoms have been studied
with it. The model has been extended to cavities of shapes other than spherical to study atoms and molecules trapped inside cavities.

After the confined hydrogen atom, the next most studied confined atom is the helium atom. Confined helium-like atoms are the simplest confined
many-electron atoms, consisting of a nucleus with nuclear charge Z and two electrons. It is now when the electron-electron repulsion appears, which

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any
medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2024 The Authors. International Joumnal of Quantum Chemistry published by Wiley Periodicals LLC.
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Abstract. In this work, we study an electron subjected to a harmonic oscillator potential confined in a circle
of radius ro and in the presence of a constant electric field. We obtain energies and eigenfunctions for three
different confinement radii as a function of the electric field strength. We have used the linear variational
method by constructing the trial function as a linear combination of two-dimensional confined harmonic
oscillator wave functions. We calculate the radial standard deviation as a measure of the dispersion of
the probability density. We also computed the Shannon entropy and Fisher information, in configuration
and momentum spaces, as localization-delocalization measures for three different confinement radii and as
a function of the electric field strength. We find that Shannon entropy and Fisher information are more
reliable than variance in determining electron location. The behaviour of Shannon entropy and Fisher
information curves is shown to depend on each specific state under study.

1 Introduction

The harmonic oscillator is undoubtedly the most pro-
lific model in physics, from classical mechanics, elec-
tromagnetism, plasma, quantum mechanics, atomic
physics, nuclear physics and elementary particles. In
nuclear physics, the harmonic oscillator has been used
in four, five and six dimensions to study the Coulomb
problem, nuclear collective motions and a model of
interacting bosons, respectively [1]. N-dimensional har-
monic oscillator have been used in string theory [2,3],
and the four-dimensional harmonic oscillators have
been used in D-brane space [4-7].

The quantum mechanical treatment of numerous
three-dimensional problems has been the subject of
intense and relevant investigation in physics, as an
example, we may cite studies of specific heat, energy
fHuctuations and entropy of harmonic oscillators in one,
two and three dimensions [8]. Recently, two-dimensional
systems have attracted a great deal of attention due to
the fact that technological advances now make it possi-
ble to design low-dimensional structures such as wells,
wires and quantum dots [9-12]. The two-dimensional
harmonic oscillator has been used by Ikhdair and Sever
to study the relativistic harmonic oscillator plus Cor-
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nell potentials in an external magnetic field and of
Aharonov-Bohm field [13]. The two-dimensional free
hydrogen atom has been studied in a non-relativistic
and relativistic quantum mechanics.

On the other hand, confined systems have been used
as models in the study of a large variety of prop-
erties of matter under high pressure, embedded in
cavities of different size and geometrical forms, [14-
28]. The most studied confined systems are the one-
dimensional [14,22-32], three-dimensional [16,33] con-
fined harmonic oscillators (CHO) and the confined
hydrogen atom (CHA) [14-16,18-22], because these
systems are quite simple and they have all the features
normally found in more complicated confined systems.
The one-dimensional CHO was used at the beginning
of the 40’s by Kotari and Auluck [23], Auluck [24] and
Chandrasekhar [25] as a model in the study of some
properties of dense stars, white dwarfs and galactic clus-
ters. The CHO was also used as a model to analyse
certain electric and magnetic properties [28] and the
specific heat of monocrystals [27].

Some examples of two-dimensional confined systems
previously analysed are as follows: the computation of
energy spectrum of a hydrogen atom confined in a cir-
cular impenetrable disc [34-39], the two-dimensional
hydrogen atom in an external magnetic field, in empty
space [40-43] or embedded in a plasma, as well as the
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